Energy Band Model Based on Effective Mass3 
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In this work, we demonstrate an alternative method of deriving an isotropic energy band model 
using a one-dimensional definition of the effective mass and experimentally observed dependence of 
mass on energy. We extend the effective mass definition to anti-particles and particles with zero rest 
mass. We assume an often observed linear dependence of mass on energy and derive a generalized 
non-parabolic energy-momentum relation. The resulting non-parabolicity leads to velocity satura- 
tion at high particle energies. We apply the energy band model to free relativistic particles and 
carriers in solid state materials and obtain commonly used dispersion relations and experimentally 
confirmed effective masses. We apply the model to zero rest mass particles in graphene and 
propose using the effective mass for photons. Therefore, it appears that the new energy band model 
based on the effective mass can be applied to relativistic particles and carriers in solid state materials. 



I. INTRODUCTION 

In solid state materials, the energy-momentum disper- 
sion relation E(p) is traditionally derived by associat- 
ing between particles and wave packets and then solving 
the wave equation [lj, Q. In this work, we demonstrate 
an alternative procedure suitable for isotropic materials. 
We propose a theoretical definition of the particle effec- 
tive mass based on Q and Then, we use a known 
dependence of mass on energy, which can be obtained 
for example from cyclotron resonance measurements in 
semiconductors 2\. Finally, we integrate the mass ex- 
pression over the allowed energy range in order to ob- 
tain the dispersion relation. As an example, we assume 
a linear approximation of mass as a function of energy, 
m(E), which is often observed experimentally for rela- 
tivistic particles and in solid state materials 0, 0. 
Finally, we demonstrate that the definition of the effec- 
tive mass and the resulting dispersion relation are suit- 
able for description of free relativistic particles, carriers 
in solid state materials, and massless particles such as 
carriers in graphene and photons. 



II. DEFINITION OF THE EFFECTIVE MASS 

We begin with the basic definition of the particle effec- 
tive mass as presented in [i[ and [j| where we identified 
particles with wave packets. This one-dimensional ap- 
proach can be used for any isotropic energy-momentum 
relation E(p) Q. 

In Fig. [TJ we show an example of a simple parabolic 
energy band model typically used in direct-gap semicon- 
ductors. This model is usually obtained from a solution 
of the wave equation and results in two energy bands: one 
band for particles with positive energy, similar to elec- 
trons in semiconductors, and another for anti-particles 
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1. Simple parabolic energy band model in semiconduc- 



with negative energy, similar to light holes. Assume that 
the dispersion relation E{p) achieves a minimum with 
the energy Eq for the particle momentum p = 0, also 
assume that E(p) is symmetrical with respect to E = 
and p = 0. 

The kinetic energy for parabolic electrons and holes 
can be defined respectively as 
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Since the electron is at rest when p = 0, we can de- 
fine E = Eq as the electron rest energy and the electron 
mass at the energy minimum, m — mo, as the electron 
rest mass. Clearly for electrons E > E while for holes 

E Eq . 

Usually 0, 0, the one-dimensional group velocity of 
the wave packet is defined as, 



dE 
dp 



(2) 



In Fig. [2 we show a relationship between particle 
group velocity and momentum for parabolic electrons 
and holes obtained from ([1} and 
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FIG. 2. Relationship between the momentum and group ve- 
locity for parabolic electrons (solid line) and holes (dashed 
line) in semiconductors. 

Based on the semi-classical definition of the particle 
momentum, the effective mass appears as a proportional- 
ity factor between the particle momentum and the group 
velocity of the corresponding wave packet. 

However, there appears a complication with the sign 
of the effective mass for holes since the momentum is in 
the opposite direction from the group velocity as can be 
seen in Fig. [2J 

For electrons we obtain as expected, p = rriQVg, while 
the hole momentum is a negative function of the hole 
group velocity, p = —moV g . This can be explained by 
the fact that the impact of moving holes is actually due 
to the electrons moving in the opposite direction 

There is compelling experimental evidence that the ef- 
fective mass should have a positive value for both elec- 
trons and holes. This can be deduced from the fact that 
electrons and holes rotate in opposite directions under 
the influence of the magnetic field. The implication is 
that the ratio of the electric charge to the effective mass 
has the opposite sign for electrons and holes. Electrons 
have a negative charge and holes behave like electrically 
positive charges, as confirmed for example by their elec- 
trical attraction to electrons. Consequently, both elec- 
trons and holes should have positive effective mass. 

Therefore, wc propose using the absolute values of the 
particle momentum and group velocity in order to define 
the effective mass for both particles and anti-particles 
with the help of ©, 

m(E) ^M. = -M— . (3) 

\v g \ \dE/dp\ 

Note that the effective mass defined by ([3]) is generally 
energy dependent and by definition always positive for 
both electrons and holes. 

In parabolic materials, the effective mass is a constant, 
mo, independent of energy as can be seen from ([T]) and ([3]) 
and demonstrated in Fig. [3J Since there are no particles 
for \E\ < Eo, the mass is not defined for that energy 
range. 



FIG. 3. Effective mass as a function of energy for parabolic 
energy bands. 



Therefore based on the semi-classical definition of the 
particle momentum, we can define the effective mass Q 
using the absolute values of the particle momentum and 
group velocity which gives positive values of the effective 
mass for both particles and anti-particles. 



III. LINEAR EFFECTIVE MASS 
APPROXIMATION 

One of the main disadvantages of the parabolic energy 
model is the lack of velocity saturation at high particle 
energies, which is observed experimentally for both rel- 
ativistic particles and semiconductors. Assume that in 
the vicinity of E = Eq, the effective mass can be ap- 
proximated as a linear function of energy as observed 
from cyclotron resonance measurements in semiconduc- 
tors @, and from \E\ = mc 2 for relativistic particles. 
Therefore, we assume the following linear approximation 
for the effective mass, 



m{E) ~ V , (4) 

where vq is a constant velocity that can be identified as 
the particle saturation velocity, as we show later. 

At the bottom of the electron energy band, E = Eq 
and m = mo, and we obtain from (|4]), 

E a = m v 2 . (5) 

A similar result is obtained for anti-particles from sym- 
metry. Assuming that there are no particles present for 
energies \E\ < Eq, we can define the forbidden energy 
gap as 

E G = 2E = 2m Q vl , (6) 

which demonstrates dependence between the particle 
bandgap, rest mass, and saturation velocity. 
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FIG. 4. Effective mass as a function of energy for particles 
and anti-particles. 



FIG. 6. Two-band non-parabolic energy model resulting from 
the linear effective mass. 




FIG. 5. Effective mass as a function of energy for zero rest 
mass particles. 



Then, we obtain for the particle effective mass from 
© and @, 



|£| 2m Q \E\ 
vi E G 



(7) 



In Fig. |4l we show mass-energy dependence for particles 
and anti-particles based on ([TJ. 

For particles with zero rest mass, we assume that 
too ~ and consequently from ([6]) .Eg ~ 0. How- 
ever, «o 7^ 0, and we still can define the effective mass 
from ([7j as, 



i(E) 
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(8) 



It appears from ((SJ) that for zero rest mass particles, the 
dependence of mass on energy is similar to regular parti- 
cles only with an assumption that Too and Eq are much 
smaller than the particle energy, \E\ 3> tooVq or equiva- 
lently \E\ 3> Eg/2. The resulting m{E) is presented in 
Fig. [5] 

Therefore, we can model the effective mass of regu- 
lar particles, anti-particles, and zero rest mass particles 
using the same linear effective mass approximation ([7]). 



IV. DISPERSION RELATION BASED ON THE 
EFFECTIVE MASS 

Assume that we can experimentally determine the de- 
pendence of the effective mass on energy in ([3]), for ex- 
ample using cyclotron resonance in semiconductors 
Then, we can obtain the dispersion relation E(p) by in- 
tegrating ([3]) over allowed energy values, which for one- 
dimensional isotropic case leads to 



p\E) 



2m(E ) dE 



(9) 



Substituting the linear mass ([7]) into Q results in 
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Integrating equation (fTOj) we obtain for particles 
2moE 2 uiqEg E 2 2 2 
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An identical expression results for anti-particles. Close to 
the bottom of the band, where p ~ 0, we can approximate 
for particle energy from 
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(12) 



Thus, a parabolic dispersion relation is preserved at the 
bottom of the energy band. Assuming that for high en- 
ergy particles, \E\ 3> too^q or equivalently \E\ ^> Eq/2, 
we can approximate from (lll[) for high energies 



p~±- 



E 



I'D 



(13) 



For the group velocity of high energy particles we ob- 
tain from © and (JUJ 



v . 



(14) 
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rials. 

For relativistic particles, the saturation velocity is 
equal to the speed of light vq — c and Eq = 2moC 2 . 
Then, from ([7]) we obtain the usual relativistic mass- 
energy dependence, 



n 2 



(18) 



Applying the general dispersion relation to free rel- 
ativistic particles (fl"8|). we obtain as expected: 



FIG. 7. Two-band energy model for particles with zero rest 
mass. 



Therefore, the particle velocity approaches a maximum 
saturation velocity vo for high energies. The velocity sat- 
uration is a direct consequence of the linear mass-energy 
dependence in ([7]). The theoretical velocity saturation is 
important because it is observed experimentally for high 
energy particles. We can calculate Vq from ^ 



vo 



Eg 
2rriQ 



(15) 



The resulting two-band energy model obtained from 
(fTTj) and ([±5]) is presented in Fig. |6] It appears that the 
main parameters of the model Eg, too, and vq can be 
easily measured experimentally. 

The dispersion relation for zero rest mass particles re- 
sults from ((3|), ((H), and (fTTj) by assuming \E\ 3> tooVq 
leading to, 



P 



E 
± — 



(16) 



This in-turn leads to the group velocity of zero rest mass 
particles from (fl6|) 



V g = Vq. 



(17) 



As expected, zero rest mass particles always propagate 
with maximum saturation velocity and have linear de- 
pendence of the particle momentum on energy similar to 
high energy massive particles. 

It appears from Fig. [Jj that the energy band model 
for zero rest mass particles (I16p can be considered an 
extension of the regular two-band model (|lip for high 
energy particles. 

Thus, we were able to demonstrate a simple derivation 
of the particle dispersion relation based on the definition 
of the effective mass and linear dependence of mass on 
energy. 



V. APPLICATION TO RELATIVISTIC 
PARTICLES AND SEMICONDUCTORS 

We can apply the general dispersion relation ([TT|) to 
free relativistic particles and carriers in solid state mate- 
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Note that (TT9"|) was derived from the linear mass assump- 
tion and not from the traditional relativistic concepts. 

Next, we apply (flTI) to electrons in solid state mate- 
rials where the energy reference is usually chosen at the 
bottom of the conduction band. The energy E is then 
identified as the electron kinetic energy. Under these as- 
sumptions, to = mo for E = 0, which leads from (J7J) 
to 



E 

to ~ mo [ 1 + 2 

Eg 



(20) 



Using (|11[) . we derive the energy band model for elec- 
trons in solid state materials, 
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(21) 



The above approximation (121[) is similar to the simpli- 
fied two-band Kane model [lf70- This model is usually 
derived by a complex solution of the wave equation. It 
is verified experimentally and commonly used in non- 
parabolic semiconductors such as HgCdTe and InSb [3], 

m- 

Therefore, the resulting dispersion relations for free rel- 
ativistic particles (TT9l) and carriers in solid state materi- 
als (|2T|) are equivalent since both are obtained from the 
same general relationship (jTTJ) by a suitable choice of the 
saturation velocity and energy reference. 

Next, we apply the effective mass model to zero rest 
mass particles. Carriers in graphene can be described as 
zero rest mass fermions with the saturation velocity equal 
to the Fermi velocity vq = vp [3]. Then, for carriers in 
graphene we obtain from (lit 



Vf 



\E\ 

v F , to ~ J-J , (22) 



which is confirmed experimentally from cyclotron reso- 
nance measurements [7|. 

While the carrier effective mass in graphene is observed 
experimentally, the concept of the effective mass is not 
commonly applied to photons. Nevertheless, by using 
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vq = c and E 
mass ©, 



fko we can define the photon effective 



in 
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(23) 



Thus, we demonstrate that a simple energy band 
model derived using the effective mass definition and lin- 
ear dependence of mass on energy is the same for rel- 
ativistic particles, carriers in semiconductors, and zero 
rest mass particles. 



VI. CONCLUSIONS 

In this work, we extend the one-dimensional effective 
mass definition to particles, anti-particles, and zero rest 
mass particles by using the absolute values of the particle 
group velocity and momentum. We demonstrated that 



we can derive an energy band model based on the effec- 
tive mass definition and using experimentally observed 
linear dependence of mass on energy. The resulting en- 
ergy bands are non-parabolic and are similar to the elec- 
tron and light hole bands in non-parabolic semiconduc- 
tors. The energy non-parabolicity is a direct consequence 
of the linear dependence of the effective mass on energy 
and leads to carrier velocity saturation at high energies. 
The model for zero rest mass particles can be consid- 
ered a high energy extension of the regular energy model. 
We demonstrated that the resulting expressions for free 
relativistic particles and carriers in semiconductors are 
equivalent and only depend on the choice of the refer- 
ence energy. We applied the dispersion relation to zero 
rest mass particles such as carriers in graphene and pho- 
tons. In conclusion, it seems that the proposed energy 
band model derived from the effective mass is compati- 
ble with the traditional dispersion relations and can be 
useful for description of relativistic particles and carriers 
in solid state materials. 
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